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Abstract 

The generalized Maxwell equations are considered which include an 
additional gradient term. Such equations describe massless particles 
possessing spins one and zero. We find and investigate the matrix 
formulation of the first order of equations under consideration. All the 
linearly independent solutions of the equations for a free particle are 
obtained in terms of the projection matrix-dyads (density matrices). 



1 Introduction 

Now the Dirac-Kahler field in the framework of differential forms is of interest 
[1]. This is due to the possibility of using the Dirac-Kahler equation for 
describing fermions with spin 1/2 on the lattice [2]. Kahler [1] investigated 
an equation for inhomogeneous differential forms 

(d-5 + m)<l> = 0, (1) 

where m is the mass, d being the exterior derivative, 5 = — -k~^ d-k turns 
n— forms into (n — 1)— form; the -k is the operator connecting a n— form 
with a (4 - n)-form; = ^2 _ ^2 _ q. ^d-Sf = - {d6 + 6d) = 9^, 
dfj^ = d/dx^ = {d/dxm,d/idt, t is the time. The inhomogeneous differential 
form $ is given by 



$ = (p{x) + (p^{x)dx^ + ^(p^^{x)dx^ A dx'"+ 



(2) 
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+—iPf^^p{x)dx'^ A dx" A dx'' + —^ '^^iupa{,x)dx'^ A dx" A dx'^ A dx"^ 

what is equivalent to introducing a scalar field (/^(x), vector field <^^(a;), and 
antisymmetric tensor fields: ipny{x), ip^j,p{x), (fnupai^)- The antisymmet- 
ric tensors (fin^pix), (p^vpa{x) define a pseudovector and pseudoscalar fields, 
respectively: 

~ 1 „ 1 

Vl^{x) — -^^^fj.upa'fii'paix), V{x) — '^^^nupaVixupa{x), (3) 

where e^i,ap is an antisymmetric tensor Levy-Civita; £1234 = —i- So, Eq.(l) 
includes two scalar and two vector fields. This means the consideration 
of fields with spins zero and one with the same mass m. Eq.(l) with the 
definitions (2), (3) can be represented as the following system of tensor fields 
[3]: 

d^ij;ii^^]{x)-dp,ijj{x)+m'^i/ji^{x) = 0, dr,i>[p,^-\{x)-dp,i>{x)+m'^i>p,{x) = 0, 

d^iip^i{x) = ip{x), d^i)^{x) = ^{x), (4) 

where i^[p,v] — {^/'^)^nvai3i^ai3 is the dual tensor. There is the doubling of 
the spin states of fields described because Eqs.(4) contain two four- vectors 
ippi^x), ipfj,{x) and two scalars ip{x), iIj{x)). Equations (4) can be represented 
as the 16 -dimensional first order Dirac equation [3]. That is why there is a 
connection between description of fermions with spin 1/2 and bosonic fields 
ip{x), ipp,{x), ipfj,u{x), ip{x), i^p.{x). At the restrictions ■0/^ = 0, = we arrive 
at the Proca equations [4]. Stucckclberg's equation [5], describing fields with 
spin one and zero, corresponds to the case ip^ = {) in (4). 

From Eqs.(4) at m = we arrive at the two-potential formulation of 
massless fields with two gradient terms 

dvil^[nu]{x) - du,ip{x) = 0, d^ilj[^^]{x) - d^-4){x) = 0, 

d^'ip/.ix) = ^(a;), dpi)p{x) = ^p{x), (5) 
V'[h(^) = df^^puix) - duipf,{x) - Sf.ucxpdai'pix). 

Eqs.5 represent the generalized Maxwell equations which were studied in [6- 
11]. In [3] we found and investigated the matrix formulation of the first order 
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of equations (5) and solutions for a free particle in the form of the projection 
matrix-dyads. The matrices of an equation obey the Dirac algebra. In this 
work we study "minimal" generalization of Maxwell's equations by setting 
■^^(a;) = ip{x) = in (5). In this case there is no doubling of spin states of 
fields: there is one state with spin zero and two states with helicity ±1. 



2 Matrix form of massless bosonic fields 



Let us consider the following generalized Maxwell equations (see also [12-14]) 



dui/j[tj,u] + df^i/jQ = 0, 



0, 



df^ijf, + Ktpo = 0. 
Eqs.(6) follow from (5) at the replacement ipi3{x) 



(6) 



ij{x) = 0, i)^^ 

Kipnu, ip{x) — >• —k.iPq{x). Fields ipn, ipo are massless vector and scalar fields, 
respectively, and k is a parameter which we introduced for convenience. So, 
equations (6) describe massless particles possessing spins one and zero with- 
out doubling of spin states. The classical Maxwell equations are obtained by 

setting ipQ = 0. 

It is easy to get the massive fields by adding the term mip/^ in the first 
equation (6) (at n = m). In this case we arrive at the massive (with mass m) 
Stueckelberg fields [5,15]. In [15] the matrix form of equations for massive 
fields and solutions in the form of the projection matrix-dyads were found. 

Now we consider the matrix formulation of the first order of the field 
equations (6) for massless fields which is convenient for constructing the 
density matrix and for some electrodynamics calculations. Let us introduce 
the matrix e^'^ [16] with dimension n xn; its elements consist of zeroes and 
only one element is unity where row A and column B cross. So the matrix 
elements and multiplication of these matrices are 



CD 



BD, 



^A,B^C,D 



Sbc£ 



A,D 



(7) 



where indexes A,B,C,D 
function 



1,2, ...n. After introducing the 11-dimensional 



V ^[M J 



(8) 
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where fi, u ~ 1, 2, 3, 4, and using the elements of the entire algebra (7), 
Eq.(6) can be written in the form of one equation 



V 2 y 



(9) 



(10) 



Introducing 11-dimensional matrices 

Eq.(9) takes the form of the relativistic wave equation of the first order: 

(a^d^ + kP) = 0. (11) 

So, matrix equation (11) gives a unified description of a scalar and vector 
massless fields. 

Matrices P, P are the projective matrices (see [16,17]) which obey the 
relations: 

p2^P, P' = P, P + P^h^, 

(12) 

a^P + Pa^ = a^, a^P + Pa^ = a^, 

where /n is the unit matrix in 11— dimensional space. The Stueckelberg 
equation for massive fields in the matrix form is given by [15]. 

(a^9^ + m)^(x) = 0. (13) 
It should be noted that the matrices can be represented as 

^(1) = £M,[H + £[H,M^ (14) 

where the 10— dimensional (3^^^ and 5— dimensional Z^^^-* matrices obey the 
Petiau-Duffin-Kemmer [18-20] algebra: 

PfiPuPa + PaPuPti = Sf^uPa + SauPjj.: (15) 
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so that the equations for massive spin-1 and spin-0 particles are (see [16]) 



+ m) *(i)(a;) = 0, ^('\x) = ^^^^^ j , (16) 

(/3^^)9, + m)*('^)(x) = 0, *(°)(x) = ( ) . (17) 

The 10— dimensional Petiau-Duffin-Kemmer equation (16) is equivalent to 
the Proca equations [4] for spin-1 particles and the 5— dimensional Eq. (17) 
is equivalent to the Klein-Gordon-Fock equation for scalar particles. The 
11— dimensional Eq.(ll) describes massless fields with two spins 0, 1 (multi- 
spin 0,1). It is not difficult to verify (using Eqs.(7)) that the 11— dimensional 
matrices (10) satisfy the algebra (see also [21]): 

(18) 

This algebra is more complicated than the Petiau-Dufiin-Kemmer algebra 
(15). Different representations of the Petiau-Duffin-Kemmer algebra (15) 
were considered in [22-27]. 



3 Solutions of generalized Maxwell's equations 

Let us now consider the solutions of the matrix equation (11) for massless 
fields. In the momentum space, Eq.(ll) is given by 

D^k = 0, D = ik + kP, (19) 

where k = a^k^, A;^ = — /cq = and the matrix D obeys the minimal 
equation 

D{D-Kf^O. (20) 

It should be noted that this matrix equation of generalized Maxwell's 
equations with multi-spin 0, 1 is simpler than the minimal equation for Maxwell's 
equations with pure spin 1 [16,28]. Using the general scheme [17] we find that 
the projection operator corresponding to eigenvalue of the operator D is 

fD-K\'^ , , 
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so that 7^ = 7. 

Every column of the matrix 7 can be considered as an eigenvector 
of equation (19) with eigenvalue 0. Eq.(19) for projection operators tells 
that matrix 7 can be transformed into diagonal form, with the diagonal 
containing only ones and zeroes. So the 7 acting on any function will 
retain components which are solutions of Eq.(19). 

The generators of the Lorentz group in the 11— dimensional space being 
considered are given by 

J,u^Pl!^Pi'^-Pi'^Pl^^- (22) 

It should be noted that matrices (22) act in the 10— dimensional subspace 
(V'/i, 'V^l/iiv]) because the scalar i/jq is an invariant of the Lorentz transforma- 
tions. So matrices (22) are also generators of the Lorentz group for the 
Petiau-Duffin-Kemmer fields of Eq.(16). Using properties (7), we get the 
commutation relations 



[J pa J J IJ,y\ ^ap,Jpy ~l~ ^pvJap, ^p^Jav ^ayJpni (23) 
[0t\, Jp.u] = htxOCu - 5xvOC,j.. (24) 

Relationship (23) is a well known commutation relation for generators 

of the Lorentz group SO{'i^l). Equation (11) is form-invariant under the 
Lorentz transformations since relation (24) is valid. To guarantee the exis- 
tence of a relativistically invariant bilinear form 

= *+77*, (25) 

where is the Hermit ian-conjugate wave function, we should construct 
a Hermitianizing matrix -q with the properties [16,17,24]: 

Tyctj = —cuiTj, Tja^ — a^r] {i = 1, 2, 3). (26) 

Such a matrix exists and is given by 

r} = + 2/?i^)^ - /,o, 

(27) 
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'10 - ,2 



where the matrix r]^^'' = 2f3^^'^ — Jio plays the role of a Hermitianizing 
matrix for the Petiau-Duffin-Kemmer equation (16) [16]. The operator of 
the squared spin (squared Pauli-Lubanski vector) is given by 

2 / 1 V ^ 

It may be verified that this operator obeys the minimal equation 

'2 (a^ - 2) = 0, (29) 



a 



so that eigenvalues of the squared spin operator cr^ are s{s + 1) = 
and s(s + 1) = 2. This confirms that the considered fields describe the 
superposition of two spins s = and s = 1. To separate these states we use 
the projection operators 



.2 _-, c2 



^(0) = 1 - y -5(1) = Y (30) 

having the properties ^fo)'5fi) = 0. (-^fo))^ = -^fo), ('^fi))^ = '^fi), Sf^) + 
S"^^-^ — 1, where 1 = In is the unit matrix in 11— dimensional space. In 
accordance with the general properties of the projection operators, the ma- 
trices S'^Q-^^ S'^-ys^ acting on the wave function extract pure states with spin 
and 1, respectively. Now we introduce the operator of the spin projection on 
the direction of the momentum k (helicity) : 

Cfe — —-Z^^abckaJbc — —^^ahckaP'b^l^^^- (31) 

The minimal matrix equation for the spin projection operator is 

ak {ok - 1) {ok + 1) = (32) 
and the corresponding projection operators are given by 

'§'(±1) = 2^^^ ± 1) , 'S'(o) = 1 - CTfc- (33) 
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Operators S(±i) correspond to the spin projections — ±1. It is easy to 
verify that the required commutation relations hold: 







S'(\) , k 




S(±i),k 




S(o),k 



0, 



r-2 



(0) 



, '^(±1) 



q2 



(1) 



r.2 



(0) 



= 0. 



(34) 



Thus the projection matrices extracting pure states with definite spin (0 
and 1), and spin projections (helicity ±1) take the form 



n(o) = 




n(±i) = -cTfe K ± 1) , 



(35) 



where we took into account that {a'^/2)ak — (7^. Projection operators 11(0), 

n(±i) extract states with spin and 1, respectively. The 11(0), ^{±i) ^^^^ the 
density matrices for pure spin spates. It is easy to consider impure states by 
summation of Eqs.(35) over spin projections and spins. Projection operators 
for pure states can be represented as matrices-dyads [17]: 



n 



(0) 



*(o)-*(o), 



n 



(±1) 



(36) 



where the wave functions ^(o), \E'(±) correspond to spin and 1, respec- 
tively. Solutions of Eq.(13) for massive particles with spins and 1 in the 
form of matrix-dyads were found in [15]. 

Expressions (35), (36) are convenient for calculating different electrody- 
namics processes involving polarized massless particles. It is possible to make 
evaluations of different physical quantities in a covariant manner without us- 
ing the matrices of first-order equations in a definite representation. 



4 Conclusion 

Compared to the Maxwell equations which describe left and right polarized 
waves (helicity ±1), Eqs.(6) admit also an additional longitudinal state corre- 
sponding to spin-zero of the field. This state gives the negative contribution 
to the Hamiltonian of fields under consideration and it is necessary to intro- 
duce an indefinite metric to quantize such a field (see [15]). To eliminate the 
additional state with spin-zero one may impose the constraint V'o(^) = in 
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equations (6), and wc arrive at the classical Maxwell equations, where ip^ui^) 
is the strength tensor; Ej^ = iipm4., H„i = {l/2)emnkipnk ai'e electric and mag- 
netic fields, respectively. It is possible also to treat the scalar field ipo{x) as 
non-physical one in the general gauge iI'q{x) ^ (an orthodox point of view). 
In this way after some calculations one should eliminate the contribution of 
this non-physical scalar field in this general gauge. In extraordinary point of 
view, vector and scalar states of the system (6) can be treated on the same 
footing with introducing indefinite metric. This, however, requires the fur- 
ther development and physical interpretation of quantum field theory with 
indefinite metric. 
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